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We discuss here
1. Kelvin-Helmholtz instability
2. Shear-layer instability
3. Helical instability
4. Deceleration instability
5. Centrifugal instability
6. Instability of jets in two-fluid flows
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4A jump in velocity from U1 to U2 causes 
the Kelvin– Helmholtz instability.
The jump is a model of a shear layer 
which can be viewed as half of a jet.  
5Starting with the Kelvin (1871) and Helmholtz (1868) papers,
the hydrodynamic stability had been studied in the parallel-flow 
approximation for many decades.
R
The conical similarity of 
basic flows,
v = f()/R,
allows exact reduction of 
NSE to ODE and studying          
(i) strongly nonparallel 
flows and       
(ii) effects of deceleration,
VRVR/R.
Figure is schematic of (a) disturbed streamline, its (b) suppressed
and (c) amplified forms, induced by the base-flow acceleration
(stretching, b) and deceleration (compression, c).
JFM 480 283 (2003)
Instability of the Landau jet from a point source of momentum
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z
Wave number (solid) and frequency (dashes) for neutral disturbances 
according to the non-parallel theory. RM = (8Rea)
1/2. 
(a) Comparison of non-parallel (solid) and parallel (dashes) theories.
Similarity region, Ri < R < Ro, 
where the Schlichting-Landau 
jet develops.
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Streamlines of 
Landau jet
The parallel theory predicts helical, m = 1, instability. The conical theory reveals
axisymmetric, m = 0, instability and smaller critical values of Re. JFM 480 283 (2003)
Instability of a swirling conical jet
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Swirling jets are unstable to 
helical counter-swirling 
disturbances. 
Figures depict wavenumber 
(a), frequency (b), and phase 
velocity (c) vs the Reynolds 
number for neutral 
disturbances.
The inset in (c) schematically 
depicts the profile of base-flow 
radial velocity. 
JFM 480 283 (2003)
Instability of the Vogel-Escudier flow
J8
Left disk 
rotates.
Other walls 
are still.
Development of global 
circulation as Re 
increases:   Re = 1 (a), 
2000 (b), 4000 (c), and 
5000 (d).
JFM 766, 590 (2015)
Critical parameters versus aspect ratio h
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For h > 5.5, critical parameters become h-independent
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h = 6
h= 5.5
Contours of critical disturbance energy
h = 6.5
h = 7
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Streamlines near the energy pick (z = 2.3)
Shear-layer nature of instability
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Disturbance energy Ed peaks at r = 0.52 near the inflection point of
w(r), where w < 0 (backflow) and streamlines diverge at z = 2.3.
Therefore, the deceleration shear-layer instability develops.
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Instabilities of two-fluid flows.  Model whirlpool. 
Air-water flow in a cylindrical container.  
Bottom disk rotates and other walls are still.
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Re = 350 Re = 360
Kármán pump Vortex breakdown in the water depth 
air
The bottom rotation drives the anticlockwise meridional circulation of water and 
clockwise circulation of air.                               Fluid Dyn. Res. 49, 025519, 2017
Vortex breakdown in the air-water flow
Bodewadt pump
Re = 380 Re = 390
Two-fluid VB
(a) The water VB cell CR3 reaches the interface and drives the anticlockwise 
meridional circulation CR4 of adjacent air.
(b) The intensified air rotation causes VB cell CR4* by the Bodewadt pumping. 
The merging of VB cells in air 
and the radial expansions of VB regions.
(a) Merging of VB cells in air
Re = 400
(b) Radial expansion of VB cells
Re = 800
(b) Water anticlockwise circulation CR1 rises near the axis.
The second reversal of the radial velocity at the interface
Re = 1000 Re = 1800
(b)
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(a) CR5 is a bubble. (b) CR5 is a bubble-ring.
The reversal of flow topology as the interface strongly deforms
Re = 2200 (a), 2400 (b), 2500 (c), and 2600 (d).
Instability
(a) Base-flow streamlines at Re = 2629.
𝑅𝑒 critical 2629 2664 2715 2667
𝑚 1 2 3 4
𝜔𝑟 0.204 0.615 1.054 1.376
(b) Contours of disturbance energy.
Instability develops in the water jet-like flow, originating near the bottom,
as this jet decelerates near the VB water cell.
The shear-layer nature of instability
Disturbance energy (solid curve) peaks near the inflection point of
the base-flow axial velocity (dashed curve).
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Instabilities of two-fluid flows.  Model waterspout.
The lid of cylindrical container rotates and other walls are still.
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Re = 267 Re = 300
(a) Bodewadt pump (b) VB in the bottom center
The lid rotation drives the clockwise circulation circulation of air and 
anticlockwise meridional of water. There is a set of Moffatt eddies ME near the 
bottom-sidewall intersection.                            Phys. Fluids 25 093604 2013
Re = 600Re = 467
As Re increases, the VB cell CR3  (a) expands and (b) merges with the outermost 
Moffatt eddy ME. This separates the water circulation CR2 from the bottom. 
As Re increases, a thin circulation layer forms in water below the interface,           
as the above figure illustrate at Re = 2000. 
Instability of the waterspout flow
Hh Re   m=1 Re   m=2 Re   m=3 Re  m=4 rcr
0.1 62718 45699 48620 59040 -0.0989
0.2 67260 50045 39775 59471 0.0530
0.3 99045 54710 46593 61041 0.0387
0.4 84165 61913 65861 48321 0.0803
0.5 57492 72810 60414 39045 0.0962
0.6 43140 65812 72495 39855 0.0934
0.7 18960 51968 65199 42097 0.0372
0.8 10950 20822 29445 33149 0.0640
0.9 2520 5117 9684 16000 0.2631
The critical Re values are shown red. They depend of the water volume fraction 
Hh. Re is based on the water viscosity.  Rea = Re/15 where Rea is based on the air 
viscosity. Phys. Fluids 28 034107 (2016)
Hh = 0.1 Hh = 0.5
Streamlines
Contours of 
constant 
disturbance 
energy
The air jet develops near the lid, goes down near the sidewall and moves 
toward the axis near the interface where the instability develops. 
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The peaks of disturbance energy Ed are located near the inflection points of z-profiles of 
the base-flow radial velocity ub (at the r value corresponding to maximal Ed).                    
The instability occurs where  streamlines diverge, i.e., the base flow decelerates. This 
indicates that the instability is of the shear-layer kind amplified by the deceleration.  
Hh = 0.1 Hh = 0.5
Centrifugal instability at Hh = 0.9
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Profiles of  Ed and  base-
flow swirl velocity vb. 
The sharp drop of vb near r = 1 (at z value corresponding to maximal Ed), observed in the 
right figure, causes the centrifugal instability. Ed peaks in the middle of near-sidewall 
region, where (rv)2 reduces as r increases. Ed is small in the region, where (rv)
2 grows. 
These features agree with the Rayleigh criterion for the centrifugal instability.
Suppression of jet instability
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Cylindrical container rotates around z-axis.  Its sidewall is adiabatic. End 
disks have different temperatures Tc < Th that drives meridional circulation. 
The control parameters are l = L/R, Re = R2/,  = 2(ThTc)/(Th+Tc), the 
Prandtl number, Pr = / ( is the fluid kinematic viscosity and  is the 
thermal diffusivity), and dimensionless thermal expansion coefficient .
Polynomial solution for small Re
wb/|wb|max = 4r
23r41
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Comparison of the numerical (crosses) and analytical (curve) solutions 
for axial velocity wb(r) at z = l/2 = 5,  = 0.01, Pr =0, and Re = 10
2. 
Transformations of the basic flow as rotation speeds up
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Boundary layer near sidewall
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Formation of boundary layer near the sidewall, r = 1, at z = l/2 = 5 
as rotation speeds up: Re = 102 (solid curve), 103 (dashes) and 104
(dots) and 105 (crosses);  = (1r)Re1/3.
Stability features
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Maximal growth rate i versus Re at  = 0.01 (crosses) 
and versus  at Re = 105 (squares).  The squares are for 
 = 0.05 (lower), 0.07 (middle) and 0.1 (upper). 
As the rotation speeds up, no instability develops.  The shear-
layer instability emerges as the temperature difference increases.
Heat transfer 
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Dependence of the Nusselt number Nu on the Reynolds number Re for the
water flow,  = 0.1, Pr = 5.8, and  = 0.082.
At Re = 107, Nu = 133 and the fitting relation is Nu = 0.000414 Re0.787.
34
35
Conclusions
1. Deceleration significantly amplifies the shear-layer instability 
typical of jets.
2. First, this effect is shown for the Landau and swirling conical-
similarity jets.
3. In a whirlpool flow in a cylinder, the deceleration instability
develops in the water jet near the interface.
4. In a waterspout flow in a cylinder, the deceleration
instability develops in the air jet near the interface 
for the water volume fraction < 0.8 .
5. For larger water fraction, the instability is centrifugal.
6. The jet instability can be suppressed by stratification of 
density and (for rotating flows) angular momentum.
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